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Abstract. Using elementary pcf, we show that there is no j : V → M, with M
transitive, jλ = λ > crit(j), j′′λ ∈ M.
For contradiction, assume there is such j : V → M. Let λ be the least fixed
point of j above crit(j). j′′λ ∈M. It is easily established [2] that λ is a strong limit
cardinal of cofinality ω and j(λ+) = λ+. We use the following fact due to Shelah.
Lemma. If λ > cof(λ) = ω is a strong limit cardinal, there is a sequence of regular
cardinals 〈λi : i < ω〉 less than λ, with sup(〈λi : i < ω〉) = λ and tcf
∏
i<ω
λi/fin =
λ+.
For an elementary proof of this lemma see T. Jech’s paper in [1]. Fix 〈λi : i < ω〉
converging to λ as in the lemma. W.l.o.g. crit(j) < λi < λ for all i < ω. Fix a
sequence G = 〈gα : α < λ
+〉 ⊂
∏
i<ω
λi increasing and cofinal in
∏
i<ω
λi/fin.
By elementarity, M |=“jG is increasing and cofinal in j(
∏
i<ω
λi/fin)”. Define
g ∈ j(
∏
i<ω
λi) by g(jλi) = sup(j
′′λ ∩ jλi) < λi. The last inequality follows from
regularity of jλi in M. If f ∈
∏
i<ω
λi then g > j(f) everywhere as j(f) = j
′′f.
Now j′′λ+ is cofinal in λ+ since λ+ is fixed by j and therefore j′′G is cofinal in
jG and thus in j(
∏
i<ω
λi/fin). However, we have just seen that g ∈ j(
∏
i<ω
λi)
dominates every member of j′′G, contradiction.
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